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Abstract. The symmetry energy of nuclear matter is a fundamental ingredient in the investigation of exotic
nuclei, heavy-ion collisions and astrophysical phenomena. A recently developed quantum statistical (QS)
approach that takes the formation of clusters into account predicts low density symmetry energies far above
the usually quoted mean field limits. A consistent description of the symmetry energy has been developed
that joins the correct low-density limit with values calculated from quasi-particle approaches valid near
the saturation density. The results are confronted with experimental values for free symmetry energies and
internal symmetry energies, determined at sub-saturation densities and temperatures below 10 MeV using
data from heavy-ion collisions. There is very good agreement between the experimental symmetry energy
values and those calculated in the QS approach
PACS. 21.65.Ef Symmetry energy – 05.70.Ce Thermodynamic functions and equations of state – 26.60.Kp
Equations of state of neutron-star matter – 26.50.+x Nuclear physics aspects of novae, supernovae, and
other explosive environments
1 Introduction
Reliable understanding of the density dependence of the
nuclear equation of state (EOS) over a wide range of den-
sities and temperatures is a very important need in the
investigation of both nuclear and astrophysical phenom-
ena. One fundamental ingredient of the EOS which is the
subject of many recent experimental and theoretical in-
vestigations is the symmetry energy Esym(n, T ) that de-
scribes the dependence of the energy per nucleon on the
proton to neutron ratio. It governs phenomena from nu-
clear structure to astrophysical processes. As a result, the
variation of the symmetry energy with nucleon density
n = nn +np with nn, np denoting the neutron and proton
density, respectively, and temperature T has been exten-
sively investigated in recent years. A recent review is given
by Li et al. [1]; see also [2] and other contributions to this
volume of the European Physical Journal A, in particu-
lar [3].
While conventional mean-field approaches to the EOS
treat nuclear matter as uniform, it is well established that
the properties of low density nuclear matter are governed
by correlations, in particular by the appearance of bound
states, i.e. clusters. That correlations and clusterization
are important and exhibit significant density dependences
may be seen, for example, in Figure 1 [4]. In the left side
of that figure the calculated density, electron fraction and
temperature distributions of a post core collapse super-
nova are presented as a function of radial distance. At the
larger radii temperatures and densities which are acces-
sible in near Fermi energy collisions [5], are seen. In the
right side of the picture are particle mass fractions calcu-
lated by Sumiyoshi et al. [4] for Z = 1 and Z = 2 nuclei as
a function of radial distance. Furthermore, also the mass
fraction of higher mass nuclei (metals) are shown, that is
calculated as the sum over all elements with A > 2 . The
role of the cluster formation in the neutrino-sphere region
(the region of last neutrino interaction) is of particular
interest [6,7]. As will be seen below, this region of tem-
perature and density is accessible in collisions of heavy
ions at intermediate energies.
Currently some extensive EOS calculations and exist-
ing tabulations, based on varying nucleon-nucleon interac-
tions, serve as standard input for a wide variety of astro-
physical simulations. In general these calculations involve
a number of simplifying assumptions and allow for a lim-
ited number of clustered species at lower densities where
important clustering effects are expected [8,9,10,11,12].
We show that new experiments allow for a laboratory test
of the EOS and the symmetry energy in the low-density
region. The results are in accordance with a systematic QS
approach that takes correlations and cluster formation in
warm dense matter into account.
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Fig. 1. Left, density, electron fraction and temperature radial profiles of a post core bounce supernova. Right, mass fractions
for Z = 1 and 2 nuclei as well as A > 4 nuclei (metals) as a function of radial distance. See Ref. [4].
2 Clusterization and the symmetry energy at
very low density
2.1 Nuclear binding energies and Bethe-Weizsa¨cker
mass formula
The symmetry energy characterizes the dependence of the
nuclear binding energy on the asymmetry
δ = (N − Z)/A = 1− 2Yp (1)
with Z and N the proton and neutron numbers, and A =
N+Z. In astrophysics, the asymmetry is usually specified
by the total proton fraction Yp. For charge neutral stellar
matter Yp is equal to the electron fraction Ye. The defini-
tion of the symmetry energy can be expressed in different
ways, see [3]. Although in the binding energy of nuclei,
there is a dependence on δ resulting from the Coulomb
interaction, the symmetry energy does not include this
trivial effect. Rather, it is defined by the asymmetry con-
tribution of the strong interaction to the binding energy,
as expressed within the Bethe-Weizsa¨cker mass formula
B(N,Z) = aVA− aSA2/3 (2)
−
(
a
(sym)
V A+ a
(sym)
S A
2/3
)
δ2
−aC Z(Z − 1)
A1/3
+ . . .
where volume, surface, volume symmetry, surface symme-
try and Coulomb contributions exhibit a particular depen-
dence on the mass number A and asymmetry δ. (Pairing
and other features such as shell effects are not considered
here.) The parameters aV , aS , a
(sym)
V , a
(sym)
S , aC are gen-
erally found by fitting nuclear masses
mN,Z = Nmn + Zmp −B(N,Z) (3)
across the whole chart of known nuclei. Here mn and mp
are the neutron and proton rest masses, respectively. Typ-
ical values of the coefficients aV , aS , a
(sym)
V , a
(sym)
S , aC are
given in Ref. [13].
Our empirical knowledge of the symmetry energy near
the saturation density, n0, is based primarily on the bind-
ing energy analysis. The Bethe-Weizsa¨cker mass formula
leads to values of about Esym(n0, 0) = 28 − 34 MeV for
the nuclear matter symmetry energy at zero temperature
and saturation density n0 ≈ 0.16 fm−3, if surface asym-
metry effects are properly taken into account [14]. A re-
cent analysis of experimental data [15] gives the value
a
(sym)
V = 32.1± 0.3 MeV.
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Note that in the above, the separation of the Coulomb
energy has been performed under the assumption that
the strong interaction part is symmetric with respect to
δ → −δ so that the symmetry energy contains no linear
term in δ. Then, the Coulomb term in Eq. (2) contains
besides the electrostatic field energy also the contribution
of the nuclear wave function that may change with the
asymmetry δ.
2.2 Symmetry energy of nuclear matter at finite
temperature
Within a more fundamental approach, we can consider a
given state of the nuclear system described by the wave
function (|Ψ〉) or the statistical operator (ρ) and calcu-
late the expectation value of the energy. In particular,
we consider homogeneous matter at finite temperature T
consisting of nucleons (neutrons n, protons p) and elec-
trons (e). To eliminate the dependence on the volume V
of the system that goes to infinity in the thermodynamic
limit, we introduce the neutron density nn = Nn/V and
the proton density np = Np/V that remain finite. The
electron density ne = np is necessary to make the system
globally charge neutral, to avoid diverging Coulomb en-
ergy. It is determined by the proton density and cannot
be considered as an additional degree of freedom. Note
that we neglect weak interaction processes that lead to β
equilibrium so that in full thermodynamic equilibrium the
asymmetry (that follows from Eq. (1) after dividing the
nucleon numbers by the volume V )
δ =
nn − np
n
, n = nn + np (4)
is an independent thermodynamic parameter, in addition
to T and the total baryon density n. We note that the
inclusion of further elementary particles such as muons,
hyperons or neutrinos may be of interest in astrophysical
context, at higher densities and temperatures.
For this ”frozen” hot matter characterized by T, n, δ
where weak interaction processes are neglected, thermo-
dynamic equilibrium corresponds to the minimum of the
free energy
F˜ (T, V,Nn, Np) = V f(T, n, δ) = NF (T, n, δ), (5)
N = nV . To eliminate the dependence on the volume V of
the system that goes to infinity, we introduce the density
of the free energy f(T, n, δ) or the free energy per nucleon
F (T, n, δ) = f(T, n, δ)/n. Being a thermodynamic poten-
tial, all other thermodynamic quantities such as pressure,
entropy or internal energy are consistently derived using
the thermodynamic relations.
It is convenient to describe the thermodynamic equi-
librium by the grand canonical ensemble that is given by
a Gibbs distribution
ρgr.can.(T, µn, µp) =
1
Z(T, µn, µp)
e−(H−µnNn−µpNp)/T
(6)
with the neutron chemical potential µn and the the pro-
ton chemical potential µp, Z(T, µn, µp) is the partition
function. The chemical potential of the background charge
compensating electrons is not a new degree of freedom but
is fixed by the condition of charge neutrality. As long as
there are no phase transitions, the various statistical en-
sembles are equivalent and give identical results for the
equation of state. The chemical potentials are related to
the particle densities by the following equations of state
nn(T, µn, µp) = Tr{ρgr.can.(T, µn, µp)Nˆn}/V,
np(T, µn, µp) = Tr{ρgr.can.(T, µn, µp)Nˆp}/V . (7)
In momentum representation, the particle number opera-
tors are Nˆτ =
∑
p,σ a
†
kak where the quantum number k
contains besides momentum p and spin σ also the isospin
τ . We use these thermodynamic relations later on to calcu-
late the free energy by integrating the Helmholtz equation,
see Eq. (10) of Ref. [16] and Eq. (23) below.
The Hamiltonian H contains the kinetic energy (we
use relativistic kinematics), the strong interaction and the
Coulomb interaction that reads in position representation
Vˆ Coul =
1
2
∑
c,d
∫
d3rψ†c(r)ψ
†
d(r
′)
eced
|r− r′|ψd(r
′)ψc(r) (8)
where the index c, d denotes the different components, in-
cluding spin. Calculating the expectation value of total
energy
U total(T, V, µn, µp) = Tr{Hρgr.can.(T, µn, µp)} (9)
= U(T, V, µn, µp) + U
Coul(T, V, µn, µp) + U
el(T, V, µn, µp)
for this equilibrium quantum state, one can separate the
contribution of the Coulomb energy
UCoul = Tr{ρgr.can.(T, µn, µp)Vˆ Coul} (10)
as well as the contribution of the electron kinetic energy
U el. The symmetry energy follows from the expansion of
the remaining energy (nucleon kinetic energy and strong
interaction) with respect to the asymmetry.
Using the equations of state (7) nn = nn(T, µn, µp),
np = np(T, µn, µp) we replace the thermodynamic vari-
ables µn, µp by the densities nn, np or equivalently, the
total baryon density n and the asymmetry δ. To obtain the
symmetry energy per nucleon we consider the energy per
nucleon E(n, δ, T ) = U(T, V, µn, µp)/N (after subtracting
the Coulomb energy according to Eq. (9)) as function of
δ. Because the strong interaction is assumed to be sym-
metric with respect to isospin, after subtracting the trivial
term due to the difference of the neutron and proton mass
in the relativistic kinematics, the first derivative at δ = 0
is approximately zero, so that we have
E(n, δ, T ) ≈ E(n, 0, T )+(mn−mp)δ+E”sym(n, T )δ2+O(δ4).
(11)
Here, the symmetry energy is related to the second deriva-
tive with respect to the asymmetry δ. This definition is
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appropriate for experimental investigations where we ex-
plore nuclei near the valley of stability. In experiments
performed for nuclear systems, δ is relatively small.
Another representation of the symmetry energy coef-
ficient is the definition
Esym(n, T ) =
E(n, 1, T ) + E(n,−1, T )
2
−E(n, 0, T ). (12)
This definition is consistent with the use of the second
order derivative only if the dependence on δ is purely
quadratic. In particular in the case of phase transition
and at very low temperatures, this is not exactly the case,
see the discussion below and Ref. [3] within this volume.
Comparing with the definition of the symmetry energy
for finite nuclei given in the previous subsection, we give
some comments. The generalization from ground state nu-
clei to finite temperatures T is straightforward within the
scope of thermodynamics.
An essential topic is the role of the nucleon distribution
as expressed by the wave function or the statistical opera-
tor. Instead of the equilibrium statistical operator ρgr.can.,
Eq. (6), non-equilibrium distributions can also be consid-
ered to investigate the average energy. Some confusion is
connected with different assumptions regarding the quan-
tum state of the system, i. e. the choice of the wave func-
tion (|Ψ〉) or the statistical operator (ρ). Sometimes an
antisymmetrized product ansatz that leads to the mean-
field approximation is taken. However, this ansatz, appro-
priate for noninteracting fermion systems, is not correct in
describing the ground state or the thermodynamic equi-
librium at finite T for the interacting nuclear system be-
cause all correlations are neglected. To treat real systems,
for instance in astrophysics, we have to take into account
the correlations that are also present at thermodynamic
equilibrium and are determined by the full Hamiltonian
H.
More delicate is the subdivision of the symmetry en-
ergy in Eq. (2) into a volume part and a surface part.
For homogeneous systems, the density does not depend
on the position in coordinate space. This is also correct
for correlations and bound state formation if the center-
of-mass motion is taken into account. Correlations and
bound state formation are seen in the two-particle dis-
tribution function (structure factor). After separation of
the center-of-mass motion, the internal wave function of a
cluster is usually approximated within a local-density ap-
proach. Thomas-Fermi models, droplet models, and gra-
dient expansions can be applied to estimate the binding
energy of a cluster. Thus, the definition of the symmetry
energy (11) is not in conflict with the Bethe-Weizsa¨cker
formula (2) that follows if the distribution of clusters (nu-
clei) is given (”frozen out”). Neglecting the center-of-mass
motion, the internal density distribution of the cluster can
be treated within a gradient expansion that gives, within
the local density approximation, the volume term and the
surface term. However, this subdivision, that is useful for
some approximations, is not rigorous and cannot be ap-
plied, for instance, to describe the contribution of light
clusters such as deuterons or α particles.
We also note that in the uncorrelated state of symmet-
ric nuclear matter, where cluster formation is neglected (or
the strong interaction is dropped), the Coulomb energy
for charge neutral matter (proton and electron densities
constant and compensating) does not vanish. Only the
Hartree term is zero. Because of microfield fluctuations
there is also a finite value of the Coulomb energy. In the
lowest approximation we obtain the Debye shift due to the
two-particle distribution function (Montroll - World con-
tribution to the virial expansion of the equation of state),
see for instance Ref. [17].
The Coulomb interaction occurs in two positions: the
energy that is clearly additive and can separated, and the
influence on the quantum state or structure that is given,
for instance, by the equilibrium distribution or the ground
state wave function. Without Coulomb interactions, the
structure of nuclei would change significantly and would
lead to arbitrarily large stable nuclei what is not realis-
tic. Also the two-phase separation that is obtained con-
sidering only strong interaction is disfavored because of
large Coulomb energy what leads to so-called pasta struc-
tures. (Note that due to the Hamiltonian that is used to
describe the ground state or thermodynamic equilibrium,
the Coulomb interaction also indirectly leads to a linear
term ∝ δ in the energy that can be compensated by a
redefinition of the Coulomb term.)
2.3 The symmetry energy at sub-saturation densities
We introduce the symmetry energy of nuclear matter at
finite temperature to characterize the properties of mat-
ter in astrophysics or in excited nuclei. To describe real
systems, the quantum statistical approach is used to in-
troduce well-defined quantities. Then, special approxima-
tions can be performed that may lead to different results,
due to the approximations used. Thus, different results for
the symmetry energy of nuclear matter can be found in
the literature that describe experiments with real systems
to a good approximation only if the relevant processes are
taken into account. In the case of the symmetry energy of
low density nuclear matter considered here, correlations
and cluster formation are essential and have to be taken
into account. Mean-field approaches such as Skyrme inter-
action or relativistic mean field (RMF) approximation are
not able to describe adequately the quantum state of mat-
ter at low densities because all correlations are neglected.
Most of recently used treatments do not give the correct
low-density limit that is governed by cluster formation, as
discussed in the following subsection.
Two different pictures are used to describe nuclear
matter at sub-saturation densities. Near the saturation
density, n0, the Fermi-liquid (single quasiparticle) approach
is used to describe nuclear systems. This picture is con-
fined to that region where correlations, in particular clus-
ter formation, are not relevant. To give a number, the
density should be larger than n0/3. An alternative picture
for hot nuclear systems is nuclear statistical equilibrium
(NSE) and related models that treat a noninteracting gas
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consisting of all possible bound states in chemical equilib-
rium (mass action law). This chemical picture is confined
to the low-density region (below 5×10−4 fm−3) where the
interaction between the constituents can be neglected.
Many theoretical investigations have been performed
to estimate the behavior of the symmetry energy as a
function of n and T (Li et al. [1], see also [18,19]). Typ-
ically, quasi-particle approaches such as Skyrme Hartree-
Fock and relativistic mean field (RMF) models or Dirac-
Brueckner Hartree-Fock calculations are used. The uni-
form matter symmetry energy obtained in this approx-
imation goes linearly to zero when the density goes to
zero,
Esym(n, T ) ∝ n. (13)
Such a behavior is often seen in the results shown in the
literature, but is incorrect because correlations are not
included.
At low density the symmetry energy changes mainly
because additional binding is gained in symmetric mat-
ter due to formation of clusters and pasta structures [20].
Therefore, the symmetry energy in the low-temperature
limit has to be equal to the binding energy per nucleon
associated with the strong interaction of the most bound
nuclear cluster. Theoretical calculations of the density de-
pendence of the symmetry energy based on conventional
mean-field approaches and ignoring cluster formation will
fail to give the correct low-temperature, low-density limit
to the symmetry energy. The correct low-density limit
can be recovered only if the formation of clusters is prop-
erly taken into account, as has previously been shown in
Ref. [21], see also [12,22] in the context of a virial expan-
sion valid at very low densities, and in Ref. [16].
Approaches used to account for cluster formation in-
clude the nuclear statistical equilibrium model (NSE) [23],
cluster-virial expansions [12], as well as generalized Beth-
Uhlenbeck approaches [22]. A thermodynamic Green’s func-
tion approach that allows a generalization of the NSE
model by introducing a quasiparticle description also for
the bound states was already formulated some decades
ago [21], but only recently analyzed with respect to the
experimental consequences for nuclear matter [24].
To deal with the clusterization, we employ a quantum
statistical (QS) approach which takes into account cluster
correlations in the medium. To extend the range of ap-
plicability of this approach, we then interpolate between
the exact low-density limit and the very successful RMF
approaches near the saturation density to provide a rep-
resentation useful over a wide range of densities.
In this QS approach cluster correlations are described
in a generalized Beth-Uhlenbeck expansion. The advan-
tage of this method is that the medium modifications of
the clusters at finite density are taken into account. In
Ref. [16] the thermodynamic properties of nuclear mat-
ter were derived using this approach. The formulation of
Ref. [16] is valid in the density and temperature range
where the formation of light clusters withA ≤ 4 dominates
and heavier clusters are not yet important. The method
requires a reasonably accurate modeling of the quasipar-
ticle properties. For that we employ a RMF model with
Shift f Bi ding Energies of Light Clusters 
G.R., PRC 79, 014002 (2009) 
S. Typel et al.,  
PRC 81, 015803 (2010)           
G.R., NP A 867, 66 (2011)  
 
Symmetric matter 
Fig. 2. Change of the binding energy Bi = −E0i of the clus-
ters i = d, t, h, α at rest in symmetric nuclear matter due to
the binding energy shift Bi as used in the generalized RMF
model as a function of the total nucleon density n. Mott points
for specific temperature-density combinations appear when the
binding energy relative to the medium becomes = 0.
density dependent couplings [25] which gives a good de-
scription both of nuclear matter around normal density
and of ground state properties of nuclei across the nuclear
chart. In order to extend the applicability of this RMF
model to very low densities, it has been generalized in
Ref. [16] to account also for cluster formation and destruc-
tion. The model allows derivation of the composition and
the thermodynamic quantities of nuclear matter can be
modeled in a large region of densities, temperatures and
asymmetries that are required, for example, in supernova
simulations.
This generalized model naturally leads to a decrease of
the cluster mass fractions at high densities, reflecting a re-
duction of the cluster binding energies due to Pauli block-
ing. The binding energy of a cluster relative to the medium
vanishes at a point known as the Mott point. As a result,
well-defined clusters appear for densities below approxi-
mately 1/10 of the saturation density and get dissolved at
higher densities. (Because of the presence of strong cor-
relations in the scattering state continuum that are effec-
tively represented by one resonance, there is a diminishing
but non vanishing cluster fraction above the Mott den-
sity.) The Mott point is temperature dependent as seen in
Figure 2 where calculated Mott points for d, t,3He and α
particles are represented [16].
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3 Quantum statistical approach to the
symmetry energy of nuclear matter at finite
temperature
3.1 General approach
To describe the thermodynamic properties of a many-
particle system, the thermodynamic (Matsubara) Green’s
function approach can be used. Exact expressions for the
equations of state (7) can be given that contain the single-
particle spectral function Sτ (p, ω),
Using the finite-temperature Green function formal-
ism, a non-relativistic quantum statistical approach can
be given to describe the equation of state of nuclear mat-
ter including the formation of bound states [21,22]. It is
most convenient to start with the nucleon number densi-
ties nτ (T, µp, µn) as functions of temperature T and non-
relativistic chemical potentials µτ for protons (τ = p) and
neutrons (τ = n), respectively,
nτ (T, µp, µn) = 2
∫
d3k1
(2pi)3
∫ ∞
−∞
dω
2pi
f1,Z(ω)Sτ (1, ω) .
(14)
Summation over spin yields the factor 2 and
fA,Z(ω) =
(
exp {β [ω − Zµp − (A− Z)µn]} − (−1)A
)−1
(15)
is the Fermi or Bose distribution function which depends
on the inverse temperature β = 1/T . Instead of the isospin
quantum number τ we occasionally use the mass num-
ber A and the charge number Z. Both the distribution
function and the spectral function S1(1, ω) depend on the
temperature and the chemical potentials µp, µn not given
explicitly. For this EOS (14), expressions such as the Beth-
Uhlenbeck formula and its generalizations have been de-
rived [12,21,22].
The spectral function Sτ (1, ω) is related to the self-
energy Σ(1, z) according to
Sτ (1, ω) =
2ImΣ(1, ω − i0)
[ω − E(1)− ReΣ(1, ω)]2 + [ImΣ(1, ω − i0)]2 ,
(16)
where the imaginary part has to be taken for a small neg-
ative imaginary part in the frequency ω. E(1) = p2/(2m)
is the kinetic energy of the free nucleon. The solution of
the relation
Equ1 (1) = E(1) + ReΣ[1, E
qu
1 (1)] (17)
defines the single-nucleon quasiparticle energies Equ1 (1) =
E(1)+∆ESE(1). Expanding for small ImΣ(1, z), the spec-
tral function yields a δ-like contribution. The densities are
calculated from Fermi distributions with the quasiparticle
energies so that
nquτ (T, µp, µn) =
2
V
∑
k1
f1,Z [E
qu
1 (1)] (18)
follows for the EOS in mean field approximation. This
result does not contain the contribution of bound states
and therefore is not correct in the low-temperature, low-
density limit where the NSE describes the nuclear matter
EOS.
As shown in Refs. [21,22], the bound state contribu-
tions are obtained from the poles of Im Σ(1, z) which can-
not be neglected in expanding the spectral function with
respect to Im Σ(1, z). A cluster decomposition of the self-
energy has been proposed, see [21]. The self-energy is ex-
pressed in terms of the A-particle Green functions which
read in bilinear expansion
GA(1 . . . A, 1
′ . . . A′, zA) =
∑
νK
ψAνK(1 . . . A)
× 1
zA − EquA,ν(K)
ψ∗AνK(1
′ . . . A′) . (19)
The A-particle wave function ψAνK(1 . . . A) and the cor-
responding eigenvalues EquA,ν(K) result from solving the
in-medium Schro¨dinger equation, see the following Sub-
sections. K denotes the center of mass momentum of the
A-nucleon system. Besides the bound states, the summa-
tion over the internal quantum states ν includes also the
scattering states.
The evaluation of the equation of state in the low-
density limit is straight forward. Considering only the
bound-state contributions, we obtain the result
ntotp (T, µp, µn) =
1
V
∑
A,ν,K
ZfA,Z [E
qu
A,ν(K;T, µp, µn)] , (20)
ntotn (T, µp, eµn) =
1
V
∑
A,ν,K
(A− Z)fA,Z [EquA,ν(K;T, µp, µn)]
for the EOS describing a mixture of components (cluster
quasiparticles) obeying Fermi or Bose statistics. The total
baryon density results as n(T, µp, µn) = n
tot
n (T, µp, µn) +
ntotp (T, µp, µn). To derive the extended Beth-Uhlenbeck
formula, see [22], we restrict the summation to A ≤ 2, but
extend the summation over the internal quantum numbers
ν, not only to the excited states, but also the scattering
states. Note that at low temperatures Bose-Einstein con-
densation may occur.
The NSE is obtained in the low-density limit if the in-
medium energies EquA,ν(K;T, µp, µn) can be replaced by
the binding energies of the isolated nuclei E
(0)
A,ν(K) =
E
(0)
A,ν + K
2/(2Am), with m = 939 MeV the average nu-
cleon mass. For the cluster contributions, i.e. A > 1, the
summation over the internal quantum numbers is again
restricted to the bound states only. We have
nNSEp (T, µp, µn) =
1
V
bound∑
A,ν,K
ZfA,Z [E
(0)
A,ν(K)] , (21)
nNSEn (T, µp, µn) =
1
V
bound∑
A,ν,K
(A− Z)fA,Z [E(0)A,ν(K)] .
The summation over A includes also the contribution of
free nucleons, A = 1.
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In the nondegenerate and nonrelativistic case assuming
a Maxwell-Boltzmann distribution, the summation over
the momenta K can be performed analytically and the
thermal wavelength Λ =
√
2pi/(mT ) of the nucleon oc-
curs. As shown below, the medium effects in nuclear mat-
ter are negligible below 10−4 times the saturation density
n0 for the temperatures considered here.
Interesting quantities are the mass fractions
XA,Z =
A
V n
∑
ν,K
fA,Z [E
qu
A,ν(K;T, µp, µn)] (22)
of the different clusters. From the EOS considered here,
thermodynamical potentials can be obtained by integra-
tion, in particular the free energy per volume f = F˜ /V .
In the special case of symmetric nuclear matter, Y sp = 0.5,
the free energy per volume is obtained from the averaged
chemical potential µ = (µp + µn)/2 (symmetric matter)
as
f(T, n, Y sp ) =
∫ n
0
dn′ µ(T, n′, Y sp ) . (23)
In the quantum statistical approach described above,
we relate the EOS to properties of the correlation func-
tions, in particular to the peaks occurring in the A-nucleon
spectral function describing the single-nucleon quasiparti-
cle (A = 1) as well as the nuclear quasiparticles (A ≥
2). The microscopic approach to these quasiparticle en-
ergies can be given calculating the self-energy. Different
approaches can be designed which reproduce known prop-
erties of the nucleonic system.
3.2 Medium modification of single nucleon properties
The single-particle spectral function contains the single-
nucleon quasiparticle contribution, Equ1 (1) = E
qu
τ (k), given
in Eq. (17), where τ denotes isospin of particle 1 and k is
the momentum. In the effective mass approximation, the
single-nucleon quasiparticle dispersion relation reads
Equτ (k) = ∆E
SE
τ (0) +
k2
2m∗τ
+O(k4) , (24)
where the quasiparticle energies are shifted at zero mo-
mentum k by ∆ESEτ (0), and m
∗
τ denotes the effective mass
of neutrons (τ = n) or protons (τ = p). Both quantities,
∆ESEτ (0) and m
∗
τ , are functions of T , np and nn, charac-
terizing the surrounding matter.
Expressions for the single-nucleon quasiparticle energy
Equτ (k) can be given by the Skyrme parametrization [27]
or by more sophisticated approaches such as relativistic
mean-field (RMF) approaches [25], and relativistic Dirac-
Brueckner Hartree-Fock [18] calculations. We use the density-
dependent relativistic mean field approach of [25] that is
designed not only to reproduce known properties of nu-
clei, but also fits with microscopic calculations in the low
density region.
We can assume [19] that the density-dependent RMF
parametrisation covers a large density region. It will be
used in this work to determine the single-nucleon quasi-
particle energies. The single-nucleon quasiparticle energies
result as
Equn,p(0) =
√
[m2 − S(T, n,±δ)]2 + k2+V (T, n,±δ). (25)
In the nonrelativistic limit, the shifts of the quasiparticle
energies are
∆ESEn,p(k) = V (T, n,±δ)− S(T, n,±δ) . (26)
The effective masses for neutrons and protons are given
by
m∗n,p = m− S(T, n,±δ) . (27)
Approximations for the functions V (T, n, δ) and S(T, n, δ)
are given in the literature [26]. These functions repro-
duce the empirical values for the saturation density n0 ≈
0.15 fm−3 and the binding energy per nucleon B/A ≈
−16 MeV. The effective mass is somewhat smaller than
the empirical value m∗ ≈ m(1 − 0.17 n/n0) for n < 0.2
fm−3.
3.3 Medium modification of cluster properties
Recent progress of the description of clusters in low den-
sity nuclear matter [4,24,28] enables us to evaluate the
properties of deuterons, tritons, helions and helium nu-
clei in a non-relativistic microscopic approach, taking the
influence of the medium into account.
In addition to the δ-like nucleon quasiparticle contri-
bution, also the contribution of the bound and scattering
states can be included in the single-nucleon spectral func-
tion by analyzing the imaginary part of Σ(1, z). Within
a cluster decomposition, A-nucleon T matrices appear in
a many-particle approach. These T matrices describe the
propagation of the A-nucleon cluster in nuclear matter. In
this way, bound states contribute to nτ = nτ (T, µn, µp),
see [21,22]. Restricting the cluster decomposition only to
the contribution of two-particle correlations, we obtain the
so-called T2G approximation. In this approximation, the
Beth-Uhlenbeck formula is obtained for the EOS, as shown
in [21,22]. In the low-density limit, the propagation of the
A-nucleon cluster is determined by the energy eigenvalues
of the corresponding nucleus, and the simple EOS (20) re-
sults describing the nuclear statistical equilibrium (NSE).
For nuclei imbedded in nuclear matter, an effective
wave equation can be derived [21,24]. The A-particle wave
function ψAνK(1 . . . A) and the corresponding eigenvalues
EquA,ν(K) follow from solving the in-medium Schro¨dinger
equation
[Equ(1) + . . .+ Equ(A)− EquA,ν(K)]ψAνK(1 . . . A)
+
∑
1′...A′
∑
i<j
[1− f˜(i)− f˜(j)]V (ij, i′j′)
×
∏
k 6=i,j
δkk′ψAνK(1
′ . . . A′) = 0 . (28)
This equation contains the effects of the medium in the
single-nucleon quasiparticle shifts as well as in the Pauli
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blocking terms. The A-particle wave function and energy
depend on the total momentum K relative to the medium.
The in-medium Fermi distribution function f˜(1) =
(exp {β [Equ(1)− µ˜τ1 ]}+ 1)−1 contains the non-relativistic
effective chemical potential µ˜τ which is determined by the
total proton or neutron density calculated in quasiparticle
approximation, ntotτ = V
−1∑
1 f˜(1)δτ1,τ for the particles
inside the volume V . It describes the occupation of the
phase space neglecting any correlations in the medium.
The solution of the in-medium Schro¨dinger equation (28)
can be obtained in the low-density region by perturba-
tion theory. In particular, the quasiparticle energy of the
A-nucleon cluster with Z protons in the ground state fol-
lows as
EquA,ν(K) = E
(0)
A,Z +
K2
2Am
+∆ESEA,Z(K) +∆E
Pauli
A,Z (K) +∆E
Coul
A,Z (K), (29)
plus higher order contributions with respect to density.
Besides the cluster binding energy in the vacuum E
(0)
A,Z
and the kinetic term, the self-energy shift ∆ESEA,Z(K), the
Pauli shift ∆EPauliA,Z (K) and the Coulomb shift ∆E
Coul
A,Z (K)
enter. The latter can be evaluated for dense matter in the
Wigner-Seitz approximation [29,30,31]. It is given by
∆ECoulA,Z (K) =
Z2
A1/3
3
5
e2
r0
[
3
2
(
2np
n0
) 1
3
− np
n0
]
(30)
with r0 = 1.2 fm. Since the values of Z are small, this
contribution is small as well and disregarded here together
with other small higher order terms in the quasiparticle
energy (29).
The self-energy contribution to the quasiparticle shift
is determined by the contribution of the single-nucleon
shift
∆ESEA,Z(0) = (A−Z)∆ESEn (0)+Z∆ESEp (0)+∆ESE,eff.massA,Z .
(31)
The contribution to the self-energy shift due to the change
of the effective nucleon mass can be calculated from per-
turbation theory using the unperturbed wave function of
the clusters, see [4], so that
∆ESE,eff.massA,Z =
( m
m∗
− 1
)
sA,Z . (32)
Values of sA,Z for {A,Z} = {i} = {d, t, h, α} are given in
Ref. [16]. Inserting the medium-dependent quasiparticle
energies in the distribution functions (15) this contribu-
tion to the quasiparticle shift can be included renormaliz-
ing the chemical potentials.
The most important effect in the calculation of the
abundances of light elements comes from the Pauli block-
ing terms in Eq. (28) in connection with the interaction
potential. This contribution is restricted only to the bound
states so that it may lead to the dissolution of the nuclei if
the density of nuclear matter increases. The corresponding
shift ∆EPauliA,Z (K) can be evaluated in perturbation theory
provided the interaction potential and the ground state
wave function are known. After angular averaging where
in the Fermi functions the mixed scalar product k ·K be-
tween the total momentumK and the remaining Jacobian
coordinates k is neglected, the Pauli blocking shift can be
approximated as
∆EPauliA,Z (K) ≈ ∆EPauliA,Z (0) exp
(
− K
2
gA,Z
)
(33)
where the amplitude ∆EPauliA,Z (0) and the dispersion gi de-
pend on the thermodynamic parameters (T, n, Yp). Values
are given in [16], for a more recent calculation see [24,32].
With the neutron number Ni = Ai − Zi, it can be
written as
∆EPauliAi,Zi(0;np, nn, T ) = −
2
Ai
[Zinp +Ninn] δE
Pauli
i (T, n) ,
(34)
where the temperature dependence and higher density cor-
rections are contained in the functions δEPaulii (T, n).
Now, the nucleon number densities (21) can be evalu-
ated as in the non-interacting case, with the only differ-
ence that the number densities of the particles are calcu-
lated with the quasiparticle energies. In the light cluster-
quasiparticle approximation, the total densities of neu-
trons (note that we change the notation to distinguish
between the total nucleon density, former nτ , and the free
nucleon density)
ntotn = nn +
∑
i=d,t,h,α
Nini (35)
and of protons
ntotp = np +
∑
i=d,t,h,α
Zini (36)
contain the densities of the free neutrons and protons nn
and np, respectively, and the contributions from the nu-
cleons bound in the clusters with densities ni. The state
of the system in chemical equilibrium is completely deter-
mined by specifying the total nucleon density n = ntotn +
ntotp , the asymmetry δ and the temperature T as long as
no β-equilibrium is considered.
This result is an improvement of the NSE and allows
for the smooth transition from the low-density limit up
to the region of saturation density. The bound state con-
tributions to the EOS are fading with increasing density
because they move as resonances into the continuum of
scattering states. This improved NSE, however, does not
contain the contribution of scattering states explicitly. For
the treatment of continuum states in the two-nucleon case,
as well as the evaluation of the second virial coefficient,
see [12,22].
The account of scattering states needs further consid-
eration. Investigations on the two-particle level have been
performed and extensively discussed [12,21,22]. We use
the Levinson theorem to take the contribution of scat-
tering states into account in the lowest-order approxima-
tion. Each bound state contribution to the density has to
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accompanied with a continuum contribution that partly
compensates the strength of the bound state correlations.
As a consequence, the total proton and neutron densities
are given by
ntotp (T, µp, µn) =
1
V
bound∑
A,ν,K
Z
[
fA,Z [E
qu
A,ν(K;T, µp, µn)]
−fA,Z [EcontA,ν (K;T, µp, µn)]
]
, (37)
ntotn (T, µ˜p, µ˜n) =
1
V
bound∑
A,ν,K
(A− Z)
[
fA,Z [E
qu
A,ν(K;T, µpµn)]
−fA,Z [EcontA,ν (K;Tµp, µn)]
]
(38)
with explicit bound and scattering terms. EcontA,ν denotes
the edge of the continuum states that is also determined
by the single-nucleon self-energy shifts. These expressions
guarantee a smooth behavior if bound states merge with
the continuum of scattering states. The summation over
A includes also the contribution of free nucleons, A =
1, considered as quasiparticles with the energy dispersion
given by the RMF approach.
The summation over K and the subtraction of the con-
tinuum contribution is extended only over that region of
momentum space where bound states exist. The disap-
pearance of the bound states is caused by the Pauli block-
ing term; the self-energy contributions to the quasipar-
ticle shifts act on bound as well as on scattering states.
Above the so-called Mott density, where the bound states
at K = 0 disappear, the momentum summation has to be
extended only over that region K > KMottA,ν (T, n, δ) where
the bound state energy is lower than the continuum of
scattering states. The contribution of scattering states is
necessary to obtain the second virial coefficient according
to the Beth-Uhlenbeck equation, see [12,22]. This leads
also to corrections in comparison with the NSE that ac-
counts only for the bound state contributions, neglecting
all effects of scattering states. These corrections become
important at increasing temperatures for weakly bound
clusters. Thus, the corrections which lead to the correct
second virial coefficient are of importance for the deuteron
system, when the temperature is comparable or large com-
pared with the binding energy per nucleon. In the cal-
culations for the quantum statistical (QS) model shown
below, the contributions of these continuum correlations
have been taken into account.
Solving Eqs. (37) and (38) for given T , ntotp and n
tot
n we
find the chemical potentials µp and µn. After integration,
see Eq. (23), the free energy is obtained, and all the other
thermodynamic functions are derived from this quantity
without any contradictions. Results are given below.
We do not consider the formation of heavy clusters
here. This limits the parameter range ntotn , n
tot
p , T in the
phase diagram to that area where the abundances of heav-
ier clusters are small. For a more general approach to the
EOS which takes also the contribution of heavier cluster
into account, see [29]. Future work will include the contri-
bution of the heavier clusters.
Further approximations refer to the linear dependence
on density of the shifts of binding energies, calculated
in perturbation theory. A better treatment will improve
these shifts, but it can be shown that the changes are
small. Furthermore, the approximation of the uncorre-
lated medium can be improved considering the cluster
mean-field approximation [21,24,33]. Last but not least,
the formation of quantum condensates will give further
contributions to the EOS. However, in the region consid-
ered here the formation of quantum condensates does not
appear.
3.4 Results for the symmetry energy
We perform the calculations for A ≤ 4 and compare them
with several approximations. Solving the EOS (37), (38),
we find the chemical potentials for symmetric matter as
function of the densities and the temperature. The free
energy density is obtained after integration, and the in-
ternal energy follows from the standard thermodynamic
relations. The same procedure is made for neutron matter,
and the difference of the internal energies gives the sym-
metry energy as shown in Figures 3 and 4. The symmetry
energy is calculated by using the finite difference formula,
Eq. (12). The Coulomb energy of the clusters has been
subtracted. Cluster formation is more clearly seen in the
logarithmic scale, Fig. 3, whereas the linear scale, Fig. 4,
is commonly used. The disappearance of clusters around
n0/5 indicates the transition to the RMF result. Because
of the temperature dependence of the composition, the
symmetry energy that is determined by the yields of clus-
ters also depends strongly on T .
Degeneration effects are small, but can be easily incor-
porated. At low temperatures and high densities nucleons
follow Fermi statistics. Pairing occurs in the two-nucleon
channel and the transition from Cooper pairing to Bose-
Einstein condensation is included. Even more interesting
is Bose condensation for larger bosonic bound states that
may occur at very low temperatures. The quarteting is a
possible contribution that is presently not included.
This analysis should be improved by further consid-
ering the effects of continuum correlations. In particu-
lar, this will affect the contribution of deuterons that are
weakly bound, and has been already taken into account
in the present calculation. The Beth-Uhlenbeck formula
gives the exact expression for the second virial coefficient.
The effects become more relevant for high temperatures.
Due to the formation of correlations, in particular clus-
ters, the symmetry energy becomes strongly temperature
dependent. For decreasing temperatures, the contribution
of higher clusters A > 4 is increasing. For an estimate
of the contribution of higher clusters see [3,11]. Charge-
neutral nuclear matter will not show a first order phase
transition because of the Coulomb interaction that gives
diverging energy, if with a homogeneous background of
electrons the nuclear matter disensembles into a liquid
phase and a gas-like phase. In that region, droplets and
pasta-like structures may be formed, that are not fixed in
space. Thus, the system remains in a homogeneous state
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Fig. 3. QS calculation of internal symmetry energy as function
of baryon density n for different temperatures. For comparison,
the NSE and RMF approximations are also given.
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in the thermodynamic context with a constant average
density.
4 Laboratory Tests of the Equation of State
at Low Density
4.1 Experimental Technique
The experimental information is derived from heavy-ion
collisions of charge asymmetric nuclei, where transient
states of different density can be reached, depending on
the incident energy and the centrality of the collision.
In the Fermi energy domain effects of the symmetry en-
ergy have been investigated in judiciously chosen observ-
ables [1,34] suggesting an almost linear behavior around
and below normal density [35,36,37].
Our experimental investigations of low density nuclear
matter have utilized near Fermi energy heavy ion colli-
sions to produce heated and expanded matter [5,38,39,
40,41]. Cluster production was studied using the 4pi multi-
detector, NIMROD, at the Cyclotron Institute at Texas
A&M University. NIMROD consists of a 166 segment charged
particle array set inside a neutron ball [42]. The charged
particle array is arranged in 12 rings of Si-CsI telescopes
or single CsI detectors concentric around the beam axis.
The CsI detectors are 1-10 cm thick Tl doped crystals
read by photomultiplier tubes. A pulse shape discrimi-
nation method is employed to identify light particles in
the CsI detectors. For this experiment each of the for-
ward rings included two segments having two Si detec-
tors (150 and 500 µm thick) in front of the CsI detec-
tors (super telescopes) and three having one Si detector
(300 µm thick). Each super telescope was further divided
into two sections. Neutron multiplicity was measured with
the 4pi neutron detector surrounding the charged particle
array. This detector is a neutron calorimeter filled with
Gd doped pseudocumene. Thermalization and capture of
emitted neutrons in the ball leads to scintillation which is
observed with phototubes providing event by event deter-
mination of neutron multiplicities. Further details on the
detection system, energy calibrations and neutron ball ef-
ficiency may be found in Ref. [43,44]. The combined neu-
tron and charged particle multiplicities were employed to
select the most violent events for subsequent analysis.
Analyzing heavy ion collisions using the NIMROD multi-
detector at Texas A&M University, the medium modifica-
tion of light fragments that leads to the dissolution has
been shown. Yields of light particles produced in the col-
lisions of 47 A MeV 40Ar with 112Sn , 124Sn and 64Zn
with 112Sn, 124Sn were employed in Thermal coalescence
model analyses to derive densities and temperatures of
the evolving emitting systems. Free symmetry energies of
these systems were determined using Isoscaling analyses.
The light particles and clusters emitted at the early
stage of such collision are messengers carrying information
on the dynamic evolution of the system and its degree
of equilibration. We measure their energies, angles and
yields and use that information to probe the properties of
the system. We do this as a function of surface velocity
of the emitted species. The surface velocity vsurf , i.e. the
velocity before the final Coulomb acceleration, serves as a
surrogate to follow the time evolution of the system [45].
Experimental determinations of the symmetry energy
at very low densities produced in heavy ion collisions of
64Zn on 92Mo and 197Au at 35 MeV per nucleon have also
been reported [5]. The surface velocity was also used as a
measure of the time when the particles leave the source un-
der different conditions of density and temperature. Only
values of vsurf < 4.5 cm/ns were included in that work
since it was argued that the system does not reach equi-
librium for higher vsurf , see Tab. I of Ref. [5].
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Another experiment [46,47] was performed to study
the dependence of the thermodynamic properties of nu-
clear material on neutron-proton asymmetry [48]. Here,
collisions of 70Zn+70Zn, 64Zn+64Zn, and 64Ni+64Ni at
E/A = 35 MeV were studied. Charged particles and free
neutrons produced in the reactions were measured in the
NIMROD-ISiS 4pi detector array [42,49]. The energy res-
olution achieved allowed excellent isotopic resolution of
charged particles up to Z = 17. For events in which all
charged particles are isotopically identified, the QP (quasi-
projectile, the primary excited fragment that exists mo-
mentarily after a non-central collision) was reconstructed
using the charged particles and free neutrons. Thus, the
reconstruction includes determination of the QP compo-
sition, both A and Z. In order to select thermally equili-
brated QPs, the QPs are required to be on-average spher-
ical, in a narrow range of shape deformation. The exci-
tation energy of the QPs is determined from the trans-
verse kinetic energy of the charged particles, the Q-value
of the QP breakup, the neutron multiplicity, and aver-
age neutron kinetic energy. This method of reconstruction
has previously been described in detail [36,49,50,51,52,
53,54]. In this way, a set of quasi-projectiles was obtained,
tightly selected on mass (48 ≤ AQP ≤ 52), and which
have properties consistent with thermal equilibration (i.e.
selected on minimal shape deformation), and with known
neutron-proton asymmetry.
4.2 Thermodynamic parameter determination
The characterization of properties of this low density mat-
ter necessarily begins with the determination of the tem-
perature and density regions actually sampled in the col-
lision. Temperature determinations are relatively well in-
hand as there is a long history of experiments focusing on
temperature determination which we will not repeat here.
See for example [43,51,52,55,56,57,58,59,60,61,62,63,64,
65,66,67,68,69,70,71]. In the work described in the follow-
ing we have employed the Albergo method [72] which uses
double isotope ratios to determine temperatures based
on chemical equilibrium assumptions. Thus, temperatures
are determined using a H-He thermometer based on the
double yield ratio of deuterons, tritons, 3He and 4He. An-
other method to extract temperatures is the analysis of
fluctuations in the transverse momentum [73].
Accurate density determinations are inherently more
difficult. Among the different experimental approaches which
have been explored to extract densities for systems below
normal density are:
– the use of the Albergo NSE based relations [5,72],
– the use of the Mekjian coalescence model which takes
into account three body terms which might mimic ei-
ther a higher density (three body collisions) or Pauli
blocking [39,74],
– analyses of caloric curve data or barrier data within
the Fermi-Gas Model framework [75,76],
– the quantum fluctuation analysis method [73],
– an approach based on use of the Chemical equilibrium
constant employed in Ref. [39].
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Fig. 5. Baryon density derived from yields of light elements.
Data according to [5] (Kow) [39], (Qin) [73], (Mab) are com-
pared with the results of the analysis of yields using NSE and
QS calculations for Kc(α).
The last approach was described in a recent paper [77].
The yields of d, t,3He and 4He for evolving intermediate
source systems formed in the collisions of 47A MeV 40Ar
with 112Sn and 124Sn, and 47A MeV 64Zn with 112Sn
and 124Sn were determined and this technique was ap-
plied to determine densities and temperatures. The free
neutron yields are not measured but are determined from
the free proton yield and the yield ratio of 3H to 3He.
To determine the asymmetry parameter of the emitting
sources the total proton and neutron yields including those
bound in clusters are used. Values of n = 0.002 − 0.032
nucleons/fm3 and T = 5−10 MeV were obtained. Figure 5,
taken from that work [77], shows these results compared
to results from several other analyses [5,39,73]. While the
NSE model is applicable at only very low densities, below
n ≈ 0.001 fm−3 [78], the other models employed signifi-
cantly higher densities and exhibit very reasonable agree-
ment with each other.
The comparison of results from different techniques
of extracting T and nB from experimental data are pre-
sented in Fig. 5. Interestingly, the results of the coales-
cence model analysis [39] and the quantum fluctuation
analysis [73] presented in Fig. 5 lead to very similar re-
sults. Both produce results quite similar to the densito-
meter analysis based on calculated QS model equilibrium
constants. The fact that the two different experimental
results for the temperature and density regions explored
are consistent with each other despite the fact that they
are obtained from quite different beam energies, emitting
sources and analyses, suggests that an underlying unifying
feature of the EOS is responsible. Indeed, further analysis
by Mabiala et al. [50,51,73] indicate that the data are sam-
pling the vapor branch of the liquid gas coexistence curve
and may be employed to determine the critical tempera-
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tures of mesoscopic nuclear systems, within the framework
of the Guggenheim systematics, in a manner analogous to
previous treatments [75,79].
4.3 Test of the nuclear matter EOS at low densities
With our confidence in the temperature and density deter-
minations bolstered by the consistency exhibited in Fig. 5,
we have addressed various aspects of clustering in the low
density nuclear matter produced. In theoretical models
cluster mass fractions are commonly used to characterize
the degree of clusterization in low density matter. How-
ever, different theoretical models include various different
competing species. This leads to differences in particu-
lar mass fractions quoted. If all relevant species are not
included in the calculation, mass fractions cannot be ac-
curately determined. To avoid this problem we have pro-
posed that equilibrium constants for cluster formation be
employed instead of mass fractions. In contrast to mass
fractions, cluster formation equilibrium constants, such as
that for α particle formation, i.e.,
Kc(α) =
nα
n2nn
2
p
(39)
where nα, nn, and np are the α particle, neutron and
proton densities, respectively, should be independent of
proton fraction and choice of competing species.
Figure 6 from reference [39] depicts a comparison be-
tween our experimentally derived equilibrium constants
and those resulting from models employing a variety of
equations of state proposed for astrophysical applications
[8,9,10,11,16].
Not surprisingly the calculated values of the equilib-
rium constant tend to converge at the lower densities.
Even at the lowest densities sampled, however, there are
significant differences. At higher densities, 0.01 to 0.03
nuc/fm3, the various interactions employed all lead to a
decrease of Kc below that of the Nuclear Statistical Equi-
librium (NSE) values of Typel et al. [16], as expected.
However most of them lead to higher values of Kc(α) than
those derived from the experiment. The Lattimer-Swesty
model [8] using Skyrme models with incompressibilities
of 180 and 220 MeV and employing an excluded volume
technique predict values slightly higher than the experi-
mental values. This is also true for the Statistical Equi-
librium model of Hempel and Schaffner-Bielich using an
NL-3 interaction and also employing an excluded volume
technique [11]. The Quantum Statistical Model of Ro¨pke
et al., which includes the medium modifications of the
cluster binding energies leads to values close to the exper-
imental values [24,32]. The data provide important new
constraints on the model calculations.
4.4 Shift of the binding energies and Mott points
Using the equilibrium constants it is possible to derive
temperature and density dependent binding energies of
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Fig. 6. Comparison of experimental values of Kc(α) with
those from various EOS calculations [39].
d, t,3He and α clusters from the data [80]. Since the ob-
served temperatures and densities are correlated in our
experiment the point at which an experimentally derived
cluster binding energy is zero with respect to the sur-
rounding medium corresponds to a particular combination
of density and temperature. Thus, for our data, on clus-
ters produced in collisions of 47 A MeV 40Ar and 64Zn
projectiles with 112Sn and 124Sn target nuclei we are able
to extract a single Mott point for each cluster. In Fig-
ure 7 we present the values of the Mott temperatures and
densities and compare them with the loci of the values of
medium modified binding energies predicted by the ther-
modynamic Green’s function method [24,32], see Typel et
al. [16]. This approach makes explicit use of an effective
nucleon-nucleon interaction to account for medium effects
on the cluster properties. We see that the agreement be-
tween the predictions and the experimental results is quite
good.
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5 Clusterization and the Symmetry Energy at
Low Nucleon Density
5.1 Isoscaling and free symmetry energy
To explore the symmetry energy in low density nuclear
matter we first employed isoscaling techniques to derive
symmetry free energies [81]. This analysis assumes that
for two systems with similar temperatures but different
N/Z ratios, the ratio of yields of a particular isotope of
mass number A, proton number Z, and neutron number
N in the two systems may be expressed as [82,83]
Y2(Z,N)
Y1(Z,N)
= Ce((µ2(n)−µ1(n))N+(µ2(p)−µ1(p))Z)/T
= CeαN+βZ , (40)
where C is a constant and µ(n) and µ(p) are the neutron
and proton chemical potentials. The isoscaling parame-
ters α =
(
µ2(n) − µ1(n)
)
/T and β =
(
µ2(p) − µ1(p)
)
/T ,
representing the difference in chemical potential between
the two systems, may be extracted from suitable plots of
yield ratios. Either parameter may then be related to the
symmetry free energy, Fsym. We take the α parameter,
which is expected to be less sensitive to residual Coulomb
effects. With the usual convention that system 2 is richer
in neutrons than system 1,
α = 4Fsym
[(
Z1
A1
)2
−
(
Z2
A2
)2]
/T , (41)
where Z is the atomic number and A is the mass number
of the emitter [41,82,83]. Thus, Fsym may be derived di-
rectly from determinations of system temperatures, Z/A
ratios, and isoscaling parameters. We emphasize that the
present analysis is carried out for light species character-
istic of the nuclear gas rather than, as in most previous
analyses, for the intermediate mass fragments thought to
be characteristic of the nuclear liquid.
In this work we employ Eq. (40) with experimentally
determined isoscaling parameters, α, temperatures, T , and
Z/A ratios to determine the symmetry free energy co-
efficient Fsym. Assuming the quadratic behavior of the
symmetry energy term in the mass formula we can write
α = 4Fsym∆(Z/A)
2/T . Here α is the isoscaling coefficient
determined from yield ratios of Z = 1 ejectiles of the two
reactions, Fsym is the free symmetry energy and ∆(Z/A)
2
is the difference of the squared asymmetries of the sources
in the two reactions.
The isoscaling analysis has been employed (as a func-
tion of vsurf) to determine α via the expression (40). With
∆(Z/A)2 and the temperature determined from observed
yields, the free symmetry energy is extracted [5,40] .
5.2 Internal symmetry energy
From the free symmetry energy Fsym the internal symme-
try energy Esym can be derived if the symmetry entropy
Ssym is known,
Esym = Fsym + TSsym . (42)
Simple approximations for Ssym obtained from NSE or
virial expansions, see [5], cannot be used to derive the
symmetry energy from the free symmetry energy. Given
the general consistency of our data with the results of the
QS calculations we have employed that model to deter-
mine the requisite symmetry entropies as a function of
density and temperature. In contrast to the mixing en-
tropy that leads to a larger entropy for uncorrelated sym-
metric matter in comparison with pure neutron matter,
the formation of correlations, in particular clusters, will
reduce the entropy in symmetric matter, see Fig. 10 of
Ref. [16]. For parameter values for which the yields of free
nucleons in symmetric matter are small, the symmetry
entropy may become positive for low temperatures. The
fraction of nucleons bound in clusters can decrease, e.g.
due to increasing temperature or the dissolution of bound
states at high densities due to the Pauli blocking. Then,
the symmetric matter recovers its larger entropy so that
the symmetry entropy becomes negative.
Within this analysis we have employed the calculated
symmetry entropy coefficients from the QS model [40,41]
to determine the entropy contribution to the symmetry
free energy and extract values of the symmetry energy
coefficients from the data. The symmetry energies derived
in this manner are presented in Fig. 8.
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Symmetry Energy 
Scaled internal symmetry energy as a function of the scaled total density. 
MDI: Chen et al., QS: quantum statistical, Exp: experiment at TAMU   
J.Natowitz et al. PRL, May 2010 
Fig. 8. Compariso s of he scaled internal symmetry energy
Esym(n)/Esym(n0) as a function of the scaled total density
n/n0 for different approaches and the experiment. (left panel):
The commonly used MDI parametrization of Chen et al. [84]
for T = 0 and different asy-stiffnesses, controlled by the param-
eter x (dotted, dot-dashed and dashed (black)lines). The result
of the QS calculation including light clusters for temperature
T = 1 MeV is shown as the solid (green)line. We also show the
symmetry energy for a RMF calculation at T = 0 where heavy
clusters have been included (long-dashed (beige) line). (right
panel): The internal scaled symmetry energy in an expanded
low-density region. Shown are again the MDI curves and the
QS results for T = 4 and 8 MeV. We compare these with the
experimental data with the NSE entropy (solid circles) and
the results of the self-consistent calculation (open circles) from
Ref. [41]. Recall that both T and n vary for the experimental
data.
5.3 Results for the symmetry energy and discussion
The derived symmetry energy coefficients are plotted against
density in Figure 8 where they are compared to those
which are predicted by the RMF and QS model calcu-
lations [3]. Note that the underlying RMF model for the
quasiparticle description with n0 = 0.149 fm
−3, Esym(n0) =
32.73 MeV gives a reasonable behavior at high density.
However, at the lowest densities sampled the quasiparti-
cle mean-field approach (RMF without clusters) disagrees
strongly with the experimentally deduced symmetry en-
ergy while the QS approach gives a rather good agreement
with the experimental data. This reflects the formation of
clusters, primarily α particles, not included in such cal-
culations. The model with medium effects describes quite
well the low-density symmetry energy data that were ex-
tracted from our analysis of heavy-ion collisions.
In Fig. 8 we compare the internal symmetry energy in
different approaches with the experimental values. In the
left panel of the figure we show theoretical results for T
at or close to zero. A widely used momentum-dependent
parametrization of the symmetry energy (MDI) at tem-
perature T = 0 MeV was given in Refs. [1,84] and is shown
by dotted, dot-dashed and dashed lines corresponding to
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Fig. 9. Symmetry energy as function of density, linear scale
(left panel) and logarithmic scale (right panel). Experiment [5]
compared with predictions according to the MDI parametriza-
tion of Chen et al. [84] with different parameter values x and
the QS model [41]. The hatched area shows constraints ob-
tained from Isobaric Analog States (IAS) of Danielewicz and
Lee [85]. Courtesy of David Blaschke.
different values of the stiffness, governed by the parame-
ter x. However, all these parametrizations vanish in the
low-density limit. We compare this to the QS result at
T = 1 MeV (since the QS approach is not suitable for
constructing the correlated ground state at T = 0). In
this approach the symmetry energy is finite at low den-
sity. (Because of the finite temperature at extremely low
densities of the order of 10−5 fm−3 this curve will also ap-
proach zero.) Also note that the underlying RMF model
for the quasiparticle description gives a reasonable behav-
ior at high density similar to the MDI, x=0 parametriza-
tion. We thus see that the QS approach successfully in-
terpolates between the clustering phenomena at low den-
sity and a realistic description around normal density. The
generalized RMF, T = 0 curve (see [16]) was constructed
taking into account cluster formation, but demands fur-
ther discussion with respect to the treatment of Coulomb
interaction and phase transitions, see [3].
Fig. 9 shows a comparison of the symmetry energy
extracted from experimental data [5] to predictions of
Danielewicz and Lee [85] and Chen et al. [84]. The hatched
area in the figure shows constraints obtained from analy-
sis of isobaric analog states [85]. Calculations in [41] com-
bined with this analysis suggest a smooth transition from
low density to normal nuclear density.
In the right panel of Fig. 8 as well as in Fig. 10 we com-
pare the internal symmetry energy derived from the exper-
imental data [5,40,41] in an expanded low-density region
with the RMF and QS results. Again, it is clearly seen
that the quasiparticle mean-field approach (RMF with-
out clusters) disagrees strongly with the experimentally
deduced symmetry energy while the QS approach gives a
rather good agreement with the experimental data.
We find that medium-dependent cluster formation has
to be considered in theoretical models to obtain the low-
density dependence of the symmetry energy that is ob-
served in experiments. The frequently used presentation
for the density dependence of the symmetry energy that
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Fig. 10. Internal symmetry energy coefficients as a function
of baryon density in nucleons/fm3. Experimental results [5,40]
are compared to results of QS model calculations, see Fig. 8.
For the experimental data, T varies in the region 3 - 11 MeV,
see [40,41].
show vanishing symmetry energy at zero density and an
increase that is linear with the density is not correct be-
cause correlations and cluster formation are essential in
the low-density region. Note the strong dependence on
temperature that is also not considered in the standard
presentations, but has to be taken into account for ap-
plications in astrophysics and heavy ion collisions where
temperatures in the range of several MeV are of interest.
6 Conclusion and outlook
In conclusion, our comparison of experimental data with
results of model calculations strongly indicates that ac-
curate modeling of clusterization in low density matter is
critical for both nuclear and astrophysical applications. A
quantum-statistical model of nuclear matter, that includes
the formation of clusters at densities below nuclear satu-
ration, describes quite well the experimental low-density
symmetry energy which was extracted from the analysis
of heavy-ion collisions.
Using the QS approach, the composition and the ther-
modynamic quantities of nuclear matter can be modeled
over a large region of densities, temperatures and asym-
metries. In particular, it reproduces the statistical models
of a gas consisting of various nuclei at low densities and
the mean-field approaches that are applicable near the
saturation density. An important ingredient is the disap-
pearance of bound states at a certain density (denoted as
Mott density) due to Pauli blocking.
Analyzing heavy ion collisions using the NIMROD multi-
detector at the Cyclotron Institute at Texas A & M Uni-
versity the medium modification of light fragments that
leads to the dissolution has been shown. Yields of light
particles produced in the collisions of 47 A MeV 40Ar with
112Sn ,124Sn and 64Zn with 112Sn, 124Sn were employed
in thermal coalescence model analyses to derive densities
and temperatures of the evolving emitting systems. The
nuclear matter equation of state has been tested, and sig-
nificant deviations from the NSE have been found. The
relevance of medium modifications that are obtained from
the QS approach have been proven by experiments.
Isoscaling analyses were used to determine the free
symmetry energies of these systems. Comparisons of the
experimental values with those of calculations made us-
ing a model which incorporates medium modifications of
cluster binding energies reveal a very good agreement. The
model calculated symmetry entropies have been used to-
gether with the experimental free symmetry energies to
derive symmetry energies of nuclear matter at densities of
0.03 ≤ n/n0 ≤ 0.2 and temperatures in the range 5 to
11 MeV. It has been shown that the occurrence of bound
states, absent in a mean-field approach, leads to a signif-
icant increase of the symmetry energy in the low-density
region in contrast to a linear increase of the symmetry
energy with density as predicted by many mean-field mo-
tivated models. In the low-density region, the symmetry
energy is strongly depending on temperature.
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